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NUMERICAL GEOMETRY OF A BEZIER SURFACE

JoNG Ryur Kim

ABSTRACT. We calculate numerically the normal curvature, the
principal curvatures and the principal directions of a Bézier surface.
Also we find geodesics on a Bézier surface by using Runge-Kutta
method with Python.

1. Introduction

A Bézier surface with the set P of control points is defined by

S(u ZZP B (u) B (v),

=0 j=0
where |
me N e Nm—i i
BI(v) = (1= u)iy
f(v) = 5——x (- v
! jt(n — 4"

is the Bernstein polynomials of degree m,n, respectively [1].

A cubic Bézier curve with four control points Qg, @1, @2 and Q3 is de-
fined by

3 3 3

Plotting Bézier curves and surfaces with different control points could
be one of the best way for understanding how they work. So simply
consider the case of m = n = 3 a so called cubic Bézier surface. The
Bernstein polynomials of degree 3 are

Bi(u) = (1—u)®, Bj(u) =3(1-u)?u, B3(u)=3(1—-u)u®, Bi(u)=1u?
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Bi(v) = (1-v)®, B}(v) =3(1-v)*», Bj(v)=3(1-v)v>, Bj(v) =v".
So the cubic Bézier surface is

3 3
S(u,v) = Y PyB}(u)Bj(v)
i=0 j=0
= PooBj(u)Bj(v) + Po1 B (u) B} (v) + PoaBjj(u) B (v) + PosBj(u) B3 (v)
+ PioB}(u)Bj(v) + PiiB}(u) B} (v) + PiaBi (u) By (v) + Pis B (u) BS(v)
+  PyBj(u)Bj(v) + Pa1 B3 (u) B} (v) + Py B3 (u) B3 (v) + Py Bj (u) B3 (v)
+  PyoB3(u)Bj(v) + P31 B3(u) B} (v) + Psa B3 (u) By (v) + Pss B3 (u) B3 (v)

with the set P = {P;;} of control points for i = 0,1,2,3 and j =0,1,2,3

Py = (0,0,0), Poy1 =(0,2,0), Po2=1(0,4,2), Po3=1(0,6,0),
Py =(2,0,4), P11 =1(2,2,6), Pi2=1(2,4,6), Pi3=1(2,6,4),
Py = (4,0,4), P =(4,2,6), P =(4,4,6), P =(4,6,0),
P3y = (6,0,0), P31 =(6,2,2), P =(6,4,2), Ps3=(6,6,0).

We plot them and see how they work in section 2. We give Python
code for the shape operator in section 3. Then we calculate the normal
curvature, the principal curvatures and the principal directions of a sur-
face and a Bézier surface as well. In the last section, we find numerical
geodesics on a Bézier surface by using Runge-Kutta method given in [2],

[3].

2. A Bézier surface plot with Python

Here we give a cubic Bézier surface plot with Python. We use it
to calculate numerically the normal curvature, the principal curvatures
and the principal directions in section 3. Also we use it to find geodesics

numerically in section 4.

import math

from math import *

import numpy as np

import matplotlib.pyplot as plt

from mpl_toolkits.mplot3d import Axes3D

# A cubic Bézier surface plot with the set P of control points

def Bezier_surface(p):
#The Bernstein polynomials of degree 3
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buO=lambda u,v:(1-u)**3

bul=lambda u,v:3*((1-u)**2)*u

bu2=lambda u,v:3*(1-u)*u**2

bud=lambda u,v:u**3

bvO=lambda u,v:(1-v)**3

bvl=lambda u,v:3*((1-v)**2)*v

bv2=lambda u,v:3*(1-v)*v**2

bv3=lambda u,v:v**3

# A cubic Bézier surface S(u,v)

S=lambda u,v:np.array([p[0,0,0]*bul(u,v)*bv0(u,v),\
p[0,0,1]*bu0(u,v)*bv0(u,v),p[0,0,2]*bud(u,v)*bv0(u,v) | )+\
np.array([p[0,1,0]*bul(u,v)*bv1(u,v),p[0,1,1]*bud(u,v)*bvl(u,v),\

p[0,1,2]*bul(u,v)*bvi(u,v) | )+\
np.array([p[0,2,0]*bul(u,v)*bv2(u,v),p[0,2,1]*bud(u,v)*bv2(u,v),\
p[0,2,2]*bul(u,v)*bv2(u,v) | )+\
np.array([p[0,3,0]*bul(u,v)*bv3(u,v),p[0,3,1]*bud(u,v)*bv3(u,v),\
05 0 e ]
np.array([p[1,0,0]*bul(u,v)*bv0(u,v),p[1,0,1]*bul(u,v)*bv0(u,v),\
p[1,0,2*bul (1,v)*bv0(,v) | 4\
np.array([p[1,1,0]*bul(u,v)*bv1(u,v),p[l,1,1]*bul(u,v)*bvl(u,v),\
pl1.12701 1) el )+
np.array( [p[1,2,0]*bul(u,v)*bv2(u,v),p[1,2,1]*bul(u,v)*bv2(u,v),\
p[1,2,2*bul (1v) bv2(u,v) ) +\
np.array([p[1,3,0]*bul(u,v)*bv3(u,v),p[1,3,1]*bul(u,v)*bv3(u,v),\
p[1,3,2]*bul(u,v)*bv3(u,v) | )+\
np.array([p[2,0,0]*bu2(u,v)*bv0(u,v),p[2,0,1]*bu2(u,v)*bv0(u,v),\

u,v
u,v
u,v
u,v
p[2,0,2]*bu2(u,v)*bv0(u,v)] )+\
np.array([p[2,1,0]*bu2(u,v)*bvl(u,v),p2,1,1]*bu2(u,v)*bvi(u,v),\
p[2,1,2]*bu2(u,v)*bvl(u,v
u,v
u,v
u,v
u,v
u,v

v)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

J)+\
np.array([p[2,2,0]*bu2(u,v)*bv2(u,v),p[2,2,1]*bu2(u,v)*bv2(u,v),\
p[2,2,2]*bu2(u,v)*bv2(u,v) ])+\
np.array([p[2,3,0]*bu2(u,v)*bv3(u,v),p[2,3,1]*bu2(u,v)*bv3(u,v),\
p[2,3,2]*bu2(u,v)*bv3(u,v) |)+\
np.array([p[3,0,0]*bu3d(u,v)*bv0(u,v),p[3,0,1]*buld(u,v)*bv0(u,v),\
p[3,0,2]*bu3d(u,v)*bv0(u,v) ])+\
np.array([p[3,1,0]*bu3d(u,v)*bv1(u,v),p[3,1,1]*buld(u,v)*bvl(u,v),\
p[3,1,2]*buld(u,v)*bvl(u,v) | )+\
np.array([p[3,2,0]*bu3d(u,v)*bv2(u,v),p[3,2,1]*buld(u,v)*bv2(u,v),\
p[3,2,2]*buld(u,v)*bv2(u,v) |)+\
np.array([p[3,3,0]*bu3d(u,v)*bv3(u,v),p[3,3,1]*buld(u,v)*bv3(u,v),\
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p[3,3,2]*buld(u,v)*bv3(u,v) |)
return S
u=np.linspace(0,1,10)
v=np.linspace(0,1,10)
# Control points p
p=np.array(][ [ [0,0,0],[0,2,0],[0,4,2],]0,6,0] ],
[2,0,4],[2,2,6],[2,4,6],[2,6.,4] ],
[ [4,0,4],[4,2,6],[4,4,6],[4,6,0] ],
[ [6,0,0],]6,2,2],[6,4,2],[6,6,0] ]

u,v = np.meshgrid(u,v)

)

bs=Bezier_surface(p)(u,v)

fig = plt.figure(figsize=(9, 6))

ax = fig.add_subplot(111, projection="3d’)
ax.view_init(55, 35)
ax.plot_wireframe(bs[0],bs[1],bs[2], color="blue’)
plt.show()

Figure 1.

# A cubic Bézier curve plot with four control points

def Bezier_curve(p):
b=lambda t:np.array([p[0,0]*(1-t)**3,p[0,1]*(1-t)**3, p[0,2]*(1-t)**3])+\
np.array ([p[1,0]*3*((1-t)*2) 6, p[1, 1| ¥3*((1-t)*2)*t,p[1 2 *3*((1-t) *F2)#(])-+\
np.array([p[2,0]%3% (1-t)* (£7%2), p[2, 1]*3% (1-t)* (£%%2),p[2,2] *3* (1-t) ¥ (t**2)])+\
np.array ([p[3,0]*(t)**3,p[3,1]*(t)**3,p[3,2]*(t) **3])

return b
xhO=np.array([0,0,0,0])
yhO=np.array([0,2,4,6])
zhO=np.array([0,2,-2,0])
fig = plt.figure(figsize=(9, 6))
ax = fig.add_subplot(111, projection="3d’)

ax.view_init(35, 10)

Y
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FIGURE 1. A Bézier surface with control points P

ax.set_xlim(0, 4)
ax.set_zlim(-2, 2)
ax.set_xlabel("x”, size = 14)

ax.set_ylabel("y”, size = 14)

ax.set_zlabel(”z”, size = 14)

pl=np.array(] [0,0,0],[0,2,2],[0,4,-2],[0,6,0] ])
b=lambda t:Bezier_curve(pl)(t)
t=np.linspace(0,1,15)

ax.plot(xh0,yh0,zh0,’g’, marker="0’;markersize=10)
plt.plot(b(t)[0],b(t)[1],b(t)[2],’s’,;marker=">" markersize=8)
plt.show()

Figure 2.

205
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FIGURE 2. A Bézier curve of points pl

For the set P of control points in the introduction, we plot four cubic
Bézier curves with the boundary four points

Py = (0,0,0), Py1 =(0,2,0), Po2=1(0,4,2), Pos=1(0,6,0),
Py =(0,0,0), Pio=1(2,0,4), P =(4,0,4), P35 =(6,0,0),
Py = (6,0,0), P51 =(6,2,2), P3=(6,4,2), PI33=(6,6,0),
Py3 =(0,6,0), Pi3=(2,6,4), Pz =(4,6,0), Ps3=(6,6,0).

We plot the control points P, boundary Bézier curves and a Bézier
surface of P.

Figure 3.

# plot two Bézier surfaces of control points pl and p2
u=np.linspace(0,1,10)

v=np.linspace(0,1,10)

pl=np.array(] [ [0,0,0],[0,2,0],]0,4,2],0,6,0] |,
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F1GURE 3. The control points P, boundary Bézier curves
and a Bézier surface of P

[ 12,0,4],[2,2,6],[2,4,6],[2,6,4] ],
[ 4,0,4],4,2,6],[4,4,6],[4,6,0] ]
[ [6,0,01,[6,2,2],[6,4,2],[6,6,0] ] ])
p2=np.array(] [ [0,0,0],[0,2,0],[0,4,2],(0,6,0] |,
[ [2,042,4],[2,2+2,6],[2,4+2,6],[2,6+2,4] ],

[ [4,042,4],[4,242,6],[4,4+2,6],[4,6+2,0] ],

[ [6,0,01,[6,2,2],[6,4,2],[6,6,0] ] ])

u,v = np.meshgrid(u,v)

)

bs1=Bezier_surface(p1l)(u,v)
bs2=Bezier_surface(p2)(u,v)

fig = plt.figure(figsize=(9, 6))

ax = fig.add_subplot(111, projection="3d’")
ax.view_init(55, 35)
ax.plot_wireframe(bs1[0],bs1[1],bs1[2], color="blue’)
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FIGURE 4. Two Bézier surfaces of control points pl and p2

ax.plot_wireframe(bs2[0],bs2[1],bs2[2], color="red’)
plt.show()

Figure 4.

S

3. Numerical shape operator of a Bézier surface

Let X : U C R? — S C R3 be a coordinate chart of a regular surface

X(u,v) = (z(u,v),y(u,v), z(u,v))

Then we have a unit normal vector field
operator Sy

= \§Z§§ZI The shape
T,S — T,5 at a point p € S is defined by
Syv=—-—D,N

v e T,S.
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So the directional derivative of N(u,v) = (N1(u,v), Na(u,v), N3(u,v))
in the direction of X, X, is given by

ON; ON1 INy
ou ov 1 ou
_ _ ONg ONy _ 0Ny
SN Xy = DXUN - ou ov <0> - ou ’
ON3 9Nz ON3
ou ov ou
ON; ON1 INy
ou ov 0 ov
_ _ ONs  ONy _ 0Ny
SnXy = DXUN - ou ov <1> - ov ’
8N3 8N3 8N3
ou ov ov

respectively. For every unit tangent vector u € 7,5, the normal cur-
vature in the direction w is defined by (Syu) - u. The maximum and
minimum values of the normal curvature are called the principle cur-
vatures and the corresponding directions are called the principle direc-
tions. For the different principle curvatures, the principle directions are
orthogonal.

For Python code, from

SnXy = aX, + Xy,
it follows that

(3.1) (SNXy) - Xy =aXy - Xy + Xy - Xy,
and
(3.2) (SNXy) - Xy =aXy, - Xy + Xy - Xy

From (3.1), we get
(SnXu) Xy — Xy X,

X, X, -
Put it into (3.2), then we get
SnXy) - X, — X, - X
(SNXU)XUZ( N U)X uXC ) uXu'Xv+CXU'Xva
U U
that is,
(SvXu) - X (X - Xo)?
SnXy) Xy =——7———X,-X Xy Xy — ).
(N u) v XuXu U v+c( v v XuXu )

So we get ¢ and a. In the same way, we can calculate the following b
and d
SnX, = bX, + dX, .
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Hence we get shape operator at each point p € S

g a b
N_cd‘

In this section, we calculate numerically the normal curvature of a
Bézier surface by using Bézier surface plot with def Bezier_surface(p):
in section 2.

u,v = np.meshgrid(u,v)

bs=lambda u,v:Bezier_surface(p)(u,v)
x=lambda u,v :bs(u,v)[0]

y=lambda u,v :bs(u,v)[1]

z=lambda u,v :bs(u,v)[2]

instead of a coordinate chart of a surface.

Let us plot two curves S(0.5,v) and S(u,0.3) on a Bézier surface
which meet at a point S(0.5,0.3) as in Figure 5. Then the tangent
vectors S,(0.5,v) and Sy, (u,0.3) are the basis of the tangent plane at a
point S(0.5,0.3) instead of X, (ug,v) and X,,(u,vp) at a point X(ug,vo)
of a coordinate chart of a surface S.

p=np.array(][ [ [0,0,0],[0,1,4],[0,2,4],]0,3,0] ],
[ [2,0,0],]2,1,4],[2,2,4],[2,3,0] ],

[ [4,0,0],[4,1,4],[4,2,4],[4,3,0] ],

[ [6,0,0],]6,1,4],[6,2,4],[6,3,0] ] ])

fig = plt.figure(figsize=(9, 6))

ax = fig.add_subplot(111, projection="3d’")
ax.view_init(35, 10)

ax.set_zlim(-2, 4)

u=np.linspace(0,1,10)
v=np.linspace(0,1,10)

u,v = np.meshgrid(u,v)
bs=Bezier_surface(p)(u,v)

ax.plot_wireframe(bs[0],bs[1],bs[2], color="blue’)
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ul=np.array([0.5])

vl=np.array([0.3])

ul,vl = np.meshgrid(ul,vl)

bs1=Bezier_surface(p)(ul,vl)
ax.plot(bs1[0,0],bs1[1,0],bs1[2,0],’r’,;marker="0",markersize=10,label="5(0.5,0.3)’)
plt.legend(loc="upper right’,fontsize="large’)

u2=np.array([0.5])

v2=np.linspace(0,1,10)

u2,v2 = np.meshgrid(u2,v2)

bs2=Bezier_surface(p)(u2,v2)

ax.plot_wireframe(bs2[0],bs2[1],bs2[2], color="black’ label="S(0.5,v)’)
plt.legend(loc="upper right’,fontsize="large’)

u3=np.linspace(0,1,10)

v3=np.array([0.3])

u3,v3 = np.meshgrid(u3,v3)

bs3=Bezier_surface(p)(u3,v3)

ax.plot_wireframe(bs3[0],bs3[1],bs3[2], color="red’ label="S(u,0.3)’)
plt.legend(loc="upper right’,fontsize="large’)

plt.show()

Figure 5.

We calculate numerically the normal curvature, the principal curva-
tures and principal directions of a surface and a Bézier surface.

def diff_1(f,x,y):
h=1e-4
d=(f(x+h,y)-f(x-h,y))/(2*h)
return d

def diff 2(f,x,y):
h=1e-4
d=(f(x,y+h)-f(x,y-h))/(2*h)
return d

def dot_product(a,b):
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- 5(0.5,0.3)
— 5(0.5.v)
= 5(u,0.3)

15 20 25 30 6

FIGURE 5. Two coordinate curves on a Bézier surface at
a point S(0.5,0.3)

n=len(a[0])

sum=0

for k in range(n):
sum=sum-+al[0,k]*b[0,k]

return sum

def length_vector(a):
n=len(a[0])
sum=0
for k in range(n):
sum=sum-+al[0,k]**2
return sum**(1/2)

class normal_curvature:
def __init_(self):
self.p=None
def derivative_normal(self,x,y,z,p):
x_u=lambda u,v:diff_1(x,u,v)
y-u=lambda u,v:diff_1(y,u,v)
z-u=lambda u,v:diff_1(z,u,v)
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x_v=lambda u,v:diff 2(x,u,v)

y_v=lambda u,v:diff 2(y,u,v)

z_v=lambda u,v:diff_2(z,u,v)

# X_u, X_v at a point p

selt.X u=np.array([[x-(p[0]:p[1]).y u(pl0],p{1]) Z (P[0l p{1)])

self. X_v=np.array ([[x-v(p[0],p[1]),y-v(p[0],p[1]),z-v(p[0],p[1])]])
X_u=lambda u,v:[x_u(u,v),y_u(u,v),z_u(u,v)]
X_v=lambda u,v.[x,v(u v),y-v(u,v),z_v(u,v)]

# cross product of X_u and X_v
c_1=lambda u,v:X_u(u,v)[1]*X_v(u,v)[2]-X_u(u,v)[2]*X_v(u,v)[1]
c-2=lambda u,v:-X_u(u,v)[0]*X _v(u,v)[2]4+X_u(u,v)[2]*X _v(u,v)[0]
c_3=lambda u,v:X_u(u,v)[0]*X _v(u,v)[1]-X_u(u,v)[1]*X_v(u, V) [0]
cross_product=lambda u,v:np.array([[c_1(u,v),c-2(u,v),c_3(u,v)]])
# unit normal vector field N
N=lambda u,v:cross_product(u,v)/(length_vector(cross_product(u,v)))
# DN Jacobian matrix of N
N_1=lambda u,v:N(u,v)[0,0]
N_2=lambda u,v:N(u,v)[0,1]
N_3=lambda u,v:N(u,v)[0,2]
N_1_u=lambda u,v:diff 1(N_1,u,v)
N_1_v=lambda u,v:diff 2(N_1,u,v)
N_2_u=lambda u,v:diff_1(N_2,u,v)
N_2_v=lambda u,v:diff 2(N_2,u,v)
N_3_u=lambda u,v:diff_1(N_3,u,v)
N_3_v=lambda u,v:diff 2(N_3,u,v)
N_1_u_v=lambda u,v:[N_1_u(u,v), N_1_v(u,v)]
N_2_u_v=lambda u,v:[N_2_u(u,v), N2 v(u,v)]
N_3_u_v=lambda u,v:[N_3_u(u,v), N_3_v(u,v)]
self. DN=lambda u,v:np.array([N_1_u_v(u,v),N_2_u_v(u,v),N_3_u_v(u,v)])
def shape_operator(self,x,y,z,p):
self.derivative_normal(x,y,z,p)
x_u=np.array([[1,0]])
x_v=np.array([[0,1]])
E=dot_product(self.X_u,self.X_u)
F=dot_product(self.X_u,self.X_v)
G=dot_product(self.X_v,self. X_v)
snll=dot_product(np.dot(-self. DN(p[0],p[1]),x-u.T).T, self.X_u)
snl2=dot_product(np.dot(-self. DN(p[0],p[1]),x-u.T).T, self. X_v)
c=(snl12-(snl1*F)/E)/(G-(F**2/E))
a:(snll—c*F)/E
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sn21=dot_product(-np.dot(self. DN(p[0],p[1]),x-v.T).T, self.X_u)

sn22=dot_product(-np.dot(self. DN(p[0],p[1]),x-v.T).T, self.X_v)

d=(sn22-(sn21*F)/E) /(G-(F**2/E))

b=(sn21-d*F)/E

matrix=||

matrix.append(a)

matrix.append(b)

matrix.append(c)

matrix.append(d)

self.q=np.array (matrix).reshape(2,2)

return self.q

def normal_curvature_all_directions(self,x,y,z,p,n):

self.shape_operator(x,y,z,p)

list,ss,t=[],[ ][]

for k in range(n+1):
u=np.array ([[np.cos((2*pi)* (k/n)), np.sin((2*pi)* (k/m)]]
v=np.cos((2*pi)*(k/n))*(self.X_u/length_vector(self.X_u))\
+np.sin((2*pi)*(k/n))*(self.X_v/length_vector(self.X_v))
# unit tangent vector
unit=u/length_vector(v)
ss.append((v/length_vector(v)).flatten().tolist())
shape_operator=np.dot(self.q,unit.T)
normal_curvature=dot_product(shape_operator.T,unit)
t.append(normal_curvature)
list.append([k,normal_curvature])

tt=np.array(t)

k_1,k_2=np.max(tt),np.min(tt)

print(” principal curvature max={ } min={ } ”.format(k_1,k_2))

self.list=np.array/(list)

self.ss=np.array(ss)

def principal_directions(self,x,y,z,p,n):

self.normal _curvature_all_directions(x,y,z,p,n)

c=np.hstack((self list,self.ss))

self.c2=cl=c[:,1:]

self.d=self.c2[np.argsort (self.c2[:,0])]

v_1,v_2=self.d[0][1::],self.d[-1][1:]

print(” principal directions max={} min={} ”.format(v_1,v_2))

We calculate the principal curvatures and principal directions of a torus.

n=normal_curvature()
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p=np.array([0,0])

fi=lambda x,y:(6 + 2*np.cos(x))*np.cos(y)

g=lambda x,y:(6 + 2*np.cos(x))*np.sin(y)

h=lambda x,y:2*np.sin(x)

n.principal_directions(ff,g,h,p,20)

The output of the above code is

principal curvature max=0.49999999862793104 min=0.12499999965698276

principal directions max=[0.000000e+00 1.000000e+-00 6.123234e-17] min=|
0.0000000e+00 -2.4492936e-16 1.0000000e+-00] .

We calculate the principal curvatures and principal directions of a Bézier
surface by using Bézier surface plot with def Bézier surface(p): in section
2.

gq=np.array([ [ [0,0,0],[0,1,4],[0,2,4],[0,3,0] ],
[ [2,0,0],]2,1,4],[2,2,4],[2,3,0] ],

[ [4,0,0],[4,1,4],[4,2,4],[4,3,0] ],

[ [6,0,01,[6,1,4],[6,2,4],[6,3,0] ] ])
pl=np.array([0.5,0.3])
n=normal_curvature()

bs=lambda u,v:Bezier_surface(q)(u,v)
x=lambda u,v :bs(u,v)[0]

y=lambda u,v :bs(u,v)[1]

z=lambda u,v :bs(u,v)[2]
n.principal_directions(x,y,z,p1,100)

The output of the above code is

principal curvature max=-3.26898347899374e-11 min=-0.3970029923668647

principal directions max=[-3.92216785e-13 5.29998940e-01 8.47998304e-
01] min=[ 1.00000000e+00 -1.85037171e-13 0.00000000e+00] .
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4. Numerical calculations of geodesics on a Bézier surface

Let X : U C R?2 — S C R3 be a coordinate chart of a surface S
X(u,v) = (z(u,v),y(u,v), z(u,v)).
The Christoffel symbols of S in the parametrization X are defined by
Xy = TH X, +1%2,X, + (Xyu - NN,
Xuw = T Xy +T2,X, + (X - N)N,
Xy = ThoXoy + 12X, 4+ Xy - NN,
where N = XXX §o we get

[XuxXo]*
rt _ GE.—2FF,+FE, ., _GBE,—FGy ., _2GF,—GG,—FG,
1 20EG—-F?) 127 2(EG-F?) % 2(EG — F?2)
2 _ —FBy+2EF, —EE, ., —FE,+EG, ., _—2FF,+FG,+EG,
1 2(EG — F?) 2T (EG-F?2) 0 2 2(EG — F?) '

For an orthonormal basis {&/, N, &/ x N} along a unit speed curve
a(t) C S, the geodesic curvature of a curve on a surface is defined by
kg = (o -/ x N). If kg is zero, then we have the following differential
geodesic equations([4])

u” + Typ(u)? + 2T (u') (v) + Ty (v)? = 0,
o'+ TH(W)? + 2TT(0) (v) + T, (0')* = 0.
Using Runge-Kutta method for solving the geodesic equations, we showed

numerical geodesics on a surface in [2]. With the same method, we find
numerical geodesics on a Bézier surface with

def Runge_Kutta_2_double_coordinate_chart(x,y,z,t0,t,h,u_0,ul_0,v_0,v1_0):
in [2] and def Bezier_surface(p): in section 2.

u,v = np.meshgrid(u,v)

bs=lambda u,v:Bezier_surface(p)(u,v)
x=lambda u,v :bs(u,v)[0]

y=lambda u,v :bs(u,v)[1]

z=lambda u,v :bs(u,v)[2]

instead of a coordinate chart of a surface.

Exsample 1.
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u=np.linspace(0,1,10)
v=np.linspace(0,1,10)
p=np.array(][ [ [0,0,0],[0,2,0],[0,4,2],]0,6,0] ],
[[2,0,4],[2,2,6],[2,4,6],[2,6.4] ],
[ [4,0,4],[4,2,6],[4,4,6],[4,6,0] ],
[6.0,0],[6,2,2],(6.4,2],[6,6,0] |

u,v = np.meshgrid(u,v)

ol
il )

bs=lambda u,v:Bezier_surface(p)(u,v)

x=lambda u,v :bs(u,v)[0]

y=lambda u,v :bs(u,v)[1]

z=lambda u,v :bs(u,v)[2]

th=th=np.radians(0)

ul_O0=np.cos(th)

v1_0=np.sin(th)

t1=(]
rk=Runge_Kutta_2_double_coordinate_chart(x,y,z,0.1,0.7,0.03,0.2,u1_0,0.4,v1_0)
t1.append([rk[1],rk[2]])

tl=np.array(t1)
x1,y1,21=bs(t1]0,0],t1[0,1])[0],bs(t1[0,0],t1]0,1])[1],bs(t1[0,0],t1[0,1])[2]

2=
rk=Runge_Kutta_2_double_coordinate_chart(x,y,z,0.1,0.7,0.03,0.2,ul_0,0.6,v1_0)
t2.append([rk[1],rk[2]])

t2=np.array(t2)
x2,y2,22=bs(t2[0,0],42[0,1])[0],bs(t2[0,0],t2[0,1])[1],bs(t2[0,0],t2[0,1])[2]

fig = plt.figure(figsize=(9, 6))

ax = fig.add_subplot(111, projection="3d’")

ax.view_init(55, 35)

ax.plot_wireframe(x(u,v),y(u,v),z(u,v), color="blue’)

ax.plot(x1, y1, z1, 'ro’)

ax.plot(x2, y2, z2, 'go’)
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FIGURE 6. Geodesics on a Bézier surface (Example 1)

plt.show()
Figure 6.

Exsample 2.

u=np.linspace(0,1,10)
v=np.linspace(0,1,10)

p=np.array(] [ [0,0,0],[0,2,0],[0,4,2],]0,6,0] ],
[ [2,0+2,4],]2,2+2,6],[2,442,6],[2,6+2,4] ],

[ [4,042,4],[4,242,6],[4,4+2,6],[4,6+2,0] ],
[[6,0,01,[6,2,2],[6,4,2],6,6,0] ] ])

u,v = np.meshgrid(u,v)

bs=lambda u,v:Bezier_surface(p)(u,v)

x=lambda u,v :bs(u,v)[0]
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y=lambda u,v :bs(u,v)[1]

z=lambda u,v :bs(u,v)[2]

th=th=np.radians(0)

ul_O0=np.cos(th)

v1_0=np.sin(th)

t1=[]
rk=Runge_Kutta_2_double_coordinate_chart(x,y,z,0.1,0.7,0.03,0.2,ul_0,0.4,v1_0)
t1l.append([rk[1],rk[2]])

tl=np.array(t1)
x1,y1,z1=bs(t1[0,0],t1[0,1])[0],bs(t1[0,0],t1[0,1])[1],bs(t1[0,0],t1[0,1])[2]
t2=[]
rk=Runge_Kutta_2_double_coordinate_chart(x,y,z,0.1,0.7,0.03,0.2,ul_0,0.6,v1_0)
t2.append([rk[1],rk[2]])

t2=np.array(t2)
x2,y2,z2=bs(t2]0,0],t2[0,1])[0],bs(t2[0,0],t2]0,1])[1],bs(t2[0,0],t2[0,1])[2]
fig = plt.figure(figsize=(9, 6))

ax = fig.add_subplot(111, projection="3d’")

ax.view_init (55, 35)

ax.plot_wireframe(x(u,v),y(u,v),z(u,v), color="blue’)

ax.plot(x1, y1, z1, 'ro’)

ax.plot(x2, y2, z2, ’go’)

plt.show()

Figure 7.

Exsample 3.

u=np.linspace(0,1,10)
v=np.linspace(0,1,10)

p=np.array(] [ [0,0,0],[0,2,4],]0,4,-4],[0,6,0] ],
[2,0,0],(2,2,4],[2,4,-4],[2,6.,0] ],
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FIGURE 7. Geodesics on a Bézier surface (Example 2)

[ [4,0,0],[4,2,4],[4,4,-4],[4,6,0]],

[ 6,0,01,[6,2,4],[6,4,-4],[6,6,0]]])

u,v = np.meshgrid(u,v)

bs=lambda u,v:Bezier_surface(p)(u,v)
x=lambda u,v :bs(u,v)[0]

y=lambda u,v :bs(u,v)[1]

z=lambda u,v :bs(u,v)[2]
th=th=np.radians(90)
ul_O=np.cos(th)

v1_0=np.sin(th)

t1=(]
rk=Runge_Kutta_2_double_coordinate_chart(x,y,z,0.1,0.8,0.05,0.3,u1_0,0.1,v1_0)
t1.append([rk[1],rk[2]])
t1=np.array(t1)
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FIGURE 8. Geodesics on a Bézier surface (Example 3)

x1,y1,z1=bs(t1[0,0],t1[0,1])[0],bs(t1[0,0],t1[0,1])[1],bs(t1[0,0],t1[0,1])[2]
t2=[ |
rk=Runge_Kutta_2_double_coordinate_chart(x,y,z,0.1,0.8,0.05,0.6,u1_0,0.1,v1_0)
t2.append([rk[1],rk[2]])

t2=np.array(t2)
x2,y2,z2=bs(t2(0,0],t2[0,1])[0],bs(t2[0,0],t2[0,1])[1],bs(t2[0,0],t2[0,1]) 2]
fig = plt.figure(figsize=(9, 6))

ax = fig.add_subplot(111, projection="3d")

ax.view_init(55, 35)

ax.plot_wireframe(x(u,v),y(u,v),z(u,v), color="blue’)

ax.plot(x1, y1, z1, 'ro’)

ax.plot(x2, y2, z2, ’go’)

plt.show()

Figure 8.
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